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Abstract 
This paper describes a probabilistic approach to fire resistance design. The theoretical foundation of the approach is explained. The design 
parameters of fire resistance level and fire severity are treated as random variables. The failure probability is then analyzed using the 
convoluted integration of the probability density distribution functions governing the two random variables. The method is applied to both 
a deemed-to-satisfy building design solution and an alternative solution. The failure probability of the deemed-to-satisfy solution is used 
as a risk criterion for the acceptance of the alternative solution. The method is also compared with the empirical approaches available in 
the literature. 
 2013 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of the Asia-Oceania Association for Fire Science 
and Technology. 
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Nomenclature 
a constant 
d standard deviation of fire load density (MJ/m2) 
f(t) probability density distribution functions of fire resistance level 
g(t) probability density distribution functions of fire severity 
kb conversion factor 
kc correction factor of material 
m combustion factor 
P probability 
p probability of sprinkler failure 
q reliability of sprinkler 
qf fuel load density (MJ/m2) 
R fire resistance level (min), reliability 
S fire severity (min) 
t time (fire severity and fire resistance level, min) 
wf ventilation factor 
Greek symbols 
α coefficient of variation 
δi the ith component of δm 
δm product of modulation factors 
μ mean 
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σ standard deviation 
Subscripts 
A alternative solution 
C code-compliant design 
f failure, fuel 
O sprinkler in operation 
R fire resistance 
S fire severity 
1. Introduction 
Performance based building codes have been adopted by many countries for years and decades. They have brought 
enormous benefit to building industry and building users. The introduction and implementation of performance based 
building codes, however, have not been without criticism and reservations. The qualitative or descriptive nature of the 
performance requirements are sometimes criticized for being subject to interpretations and being lack of quantifiable or 
verifiable performance requirements and criteria [1]. For example, the phrase to the degree necessary is frequently used in 
the statements of performance requirements in the National Construction Code of Australia [2]. Recognizing the challenges 
faced by performance based codes, the idea of risk-informed performance-based building codes was proposed by a number 
of scholars in recent years [3-7]. The hierarchy of the risk-informed performance-based building code is a multi-tiered 
system which includes the performance criteria based on risk concept [4] and the verification methods. Such a hierarchy 
gives rise to the need to a) establish acceptable risk criteria and b) develop appropriate risk assessment or verification 
methods. 
Study of probabilistic risk assessment methodology is driven by and in support of the development of risk-informed 
performance-based building codes and the advancement of fire safety engineering. Fire safety engineering in essence is risk 
management engineering. The design objective is to minimize risk in terms of failure probability and potential 
consequences. Probabilistic risk assessment allows designers to make risk informed decisions on fire safety system designs.  
The probability of failure is a primary parameter in risk analysis [6, 8]. Reliability theory and risk analysis methods have 
well been established for many engineering and social disciplines [9-12]. Early attempts were made in 1980s and 1990s to 
introduce the probabilistic approach to fire resistance design [13, 14]. The idea is based on the analogy between the fire 
severity-fire resistance relationship and the stress-strength relationship. Indeed, the fire safety design evaluation parameter 
pairs, such as required safe egress time (RSET) and available safe egress time (ASET) or fire severity and fire resistance 
level (FRL), can be treated as continuous random variables in the same way as the stress and strength are treated in 
structural engineering. As such, the well-established reliability theory and assessment methods in structural engineering [9] 
can be extended to fire safety engineering. On the other hand, fire safety engineering systems can be very complex, 
involving physical of multi-discipline, sociological and even psychological factors. To deal with such a complex system, the 
concept of subsystems is used in engineering design and analysis [15]. All subsystems have their own characteristics and yet 
are interconnected. One of the challenges in risk analysis is to incorporate the interactions between the subsystems into the 
analysis. A preliminary study has been presented in reference [18] with hypothetical case studies and assumed characteristic 
distributions of the design parameters.  
In this paper, a review of the theoretical foundation for reliability/failure probability analysis of dual variable systems is 
presented. A general expression of risk assessment function for evaluating failure probability from the probability density 
distribution functions of the design evaluation parameter pairs is given. The discussion is then extended to a special case of 
failure probability analysis of a multi-subsystem design problem involving the passive fire resistance design with an active 
fire protection measure, namely, the sprinkler system. A specific case study is presented to demonstrate the application of 
the method. The characteristic distributions obtained from the field surveys as reported in the literature are used in the 
analysis. 
2. Stress-strength model and failure probability 
Many facets of our life involve analysis and comparison of pairs of two random variables: supply and demand, revenue 
and expenditure, strength and stress, arrival and departure. The events of supply shortage, financial loss, insufficient 
strength and missing a train can be categorized as failure. In fire safety engineering the time line analysis method is used for 
life safety assessment. The parameters of interest are the available safe egress time (ASET) and the required safe egress time 
(RSET) [15]. The event of RSET exceeding ASET is regarded as a failure event. In a similar fashion, fire safety engineers 
also deal with structural fire safety by analyzing the variable pair of fire resistance level of building structure and fire 
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severity [16]. 
Denote the dual random variables representing stress and strength by (X, Y). Failure occurs when X>Y. In general, the 
dual variable system can be described by a joint probability density distribution function h(x, y) and the reliability is the 
following convolution integral, assuming both X and Y vary in the positive domain (0, ∞) for generality 
( ) ( )
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Graphically in the 3-D plot of joint probability density function h(x, y) vs x-y coordinates, the reliability is the volume of 
the cone (assuming a single peak distribution) truncated by a vertical plane that intersect the X-Y plane along the line y=x as 
shown in Fig. 1. Failure probability is simply the volume of the piece that is chipped off the cone. The objective of 
minimizing the failure probability can be achieved by moving the cone away and above y=x line on the X-Y plane. 
 
Fig. 1. Joint probability density distribution and reliability cone. 
If the dual random variables are independent and are governed by probability distribution f(x) and g(y) respectively, then 
the reliability of the system can be expressed in terms of the convolution integral of the two distribution functions [14]  
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where F(•) is the cumulative probability function of f(•), Pf represents failure probability. Graphically, failure probability Pf 
is equal to the area underneath curve pf (y) in Fig. 2, which is expressed as, 
( ) ( ) ( )1= −⎡ ⎤⎣ ⎦fp y F y g y                                                                         (4) 
3. Application to fire resistance design 
3.1. Design challenge 
The objective of building fire resistance deign is to protect the stability and integrity of building structures and to prevent 
fire spread between compartments such that building occupant and fire brigades may have adequate time to evacuate and to 
conduct emergency services. Building fire resistance deigns are traditionally dictated by the prescriptions of building 
regulations. Alternative solutions may sometimes be proposed which require engineering assessment to assure their 
X
Y
o
y=x
h(x, y)
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acceptability under the performance-based building regulations. 
Building designers and/or fire safety engineers are often faced with the question as to how adequate is the sprinkler to 
protect the building elements or structures. A number of design methods are discussed in the following subsections. A case 
study is then presented to demonstrate, through the use of probabilistic analysis based on equivalence in failure probability, 
that an alternative solution is acceptable. 
 
Fig. 2. Probability density distribution of load and reliability of a load bearing system. 
3.2. Empirical approaches 
The ability of sprinkler systems to suppress and control fires, and the consequence of reduced fire severity are well 
recognized in building industry. In a correlation for evaluating fire severity as presented in Fire Engineering Design Guide 
[16], the estimated fire severity, Se, is modulated by a factor, ks, which take a value of 1 if the building is not protected by a 
sprinkler system or a value of 0.5 if it is. More explicitly, 
= s h eS k k S                                                                                   (5) 
where S is the design fire severity, factor kh takes into account the building height. Parameter Se in Eq. (5) is the estimated 
fire severity which is related to the fire load density qf and ventilation factor wf by [16]  
=e f b fS q k w                                                                                   (6) 
where kb is the material thermal property conversion factor. According to Eq. (5), the fire severity in a building is reduced 
by 50% by installing a sprinkler system. Therefore, the required fire resistance capability of the building structure can be 
reduced by 50%. 
In the approach outlined in Eurocode 1 [17], the modulation of fire severity is achieved by adjustment of design fire load. 
The expression for modulated fuel load can be written as  
δ=df f mq q                                                                                   (7) 
where qdf is the modulated design fuel load, qf  is the design fuel load, δm is a product of a series factors which account for 
the type of building, the type of fuel, the structure material, the compartment size, the active fire protection system and 
water source, etc. 
1
δ δ
=
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The modulation factor for the sprinkler installation is assigned a value of 0.61. In other words, a reduction in fire load, 
hence a reduction in fire severity to 61% of the original value can be expected according the Eurocode 1. The fire resistance 
level can, therefore, be reduced by 39% as compared with the case where sprinklers are not installed. 
3.3. Probabilistic approach 
The aforementioned empirical approaches suffer a drawback in that the reliability or the effectiveness of the alternative 
solution, i.e., the combined sprinkler and reduced fire resistance level of the building design, is not explicitly evaluated. One 
can only assume that the values of the modulation factors are based on expert judgments, though the reference criteria for 
the expert judgments are difficult to find. 
The problem of justifying reference criteria can be resolved by using the deemed-to-satisfy provisions of the building 
regulations as references in equivalence analyses [18]. The underlying principle of the equivalence analysis is that once a 
quantitative assessment method is established, it is applied to both the deemed-to-satisfy, or code compliant solution and the 
alternative solution. If the outcomes of the two solutions are the same or similar, then the two solutions are said to be 
equivalent. In the current study, the parameter of interest is the failure probability.  
In the following discussion, the code compliant design is denoted by C and the alternative solution is denoted by A. The 
equivalence of the two designs is said to have been established if the failure probabilities of the two designs are the same, 
i.e., 
=fA fCP P                                                                                   (9) 
The alternative solution is acceptable so long as its associated failure probability is no greater than that of the code 
complaint design, i.e.,  
≤fA fCP P                                                                                (10) 
3.4. The probability density distribution functions 
In order to evaluate the failure probabilities of the two design solutions, the probability density distribution functions for 
fire severities and fire resistance capabilities of the two systems need to be established. The notion for the fire severity and 
fire resistance of the code compliant design can be straight forward as explained in Section 2. The notion for the alternative 
solution is discussed below. 
Denote the reliability of the sprinkler system by q and its failure probability by p. The event space of fire severity, S, in a 
sprinkler protected building can be viewed as the intersection with the union of two mutually exclusive subsets, X1 and X2, 
which represent the two status of the sprinkler system: operating or failure. The union of X1 and X2 forms a unit set φ. 
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According to probability theory [19],  
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If X1 represents sprinkler operating and X2 failure, then 
( ) ( )1 2           and        = =P X q P X p =1−q                                                 (13) 
For continuous variable S, the probability P(S) is defined as 
( ) { } ( )Prob= ≤ = AP S S s G s                                                              (14) 
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where s is a given value in S space. The conditional probabilities ( )1|P S X  and ( )2|P S X can be expressed as 
( ) ( )1 AO| =P S X G s                                                                        (15) 
and 
( ) ( )2 C| =P S X G s                                                                        (16) 
where GAO is the probability distribution function for fire severity when the sprinkler in the alternative solution is 
operational, and GC is probability distribution function for fire severity when the sprinkler in the alternative solution is non-
operational. It is noted that when the sprinkler fails, the fire severity is the same as in the code compliant design. Substitute 
Eqs. (13, (15),  and (16) into (12). The result reads 
( ) ( ) ( )A AO C= +G s qG s pG s                                                                        (17) 
In words, the probability distribution function for fire severity in a sprinkler protected building is the sum of the fire 
severity probability density under the influence of the sprinkler and that under no sprinkler protection modulated by the 
sprinkler reliability and failure probability respectively. Likewise, the probability density distribution functions satisfy the 
following equation 
( ) ( ) ( )A AO C= +g s qg s pg s                                                                        (18)  
Equation (18) can be substituted into Eq. (3) to obtain the estimate of failure probability once the expressions for gAO(s), 
gC(s) and f(r) are known. 
 
Fig. 3. Illustration of mixed occupancy with different requirements of FRL. 
4. Case Study 
4.1. Project description 
The probabilistic approach was applied to a retrofitting case. An existing office building was originally in compliance 
with DTS provisions of NCC [2] and have the required fire resistance level of 120/120/120 minutes 
(stability/integrity/thermal insulation). A retrofitting plan to convert one of the fire isolated offices on ground floor to a shop 
is proposed. Due to the change of use, an increased structural fire resistance level of 180/180/180 minutes is required for the 
commercial portion of the building as per the DTS provisions. As an alternative solution, a sprinkler system is proposed to 
be installed in order to maintain the equivalent level of fire safety, if not better, in lieu of upgrading the existing fire 
resistance to the code prescribed level. A schematic illustration of the retrofitting project and the alternative solution is 
presented in Fig. 3.  
Retail shop 
Required FRL: 180/180/180 
Alternative solution: 
120/120/120 plus sprinklers 
Existing offices 
FRL: 120/120/120 
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The question arises as to whether the proposed alternative solution is acceptable, or whether it is equivalent to the DTS 
provisions of the building code. In the following subsections, the probabilistic characteristics of the design parameters are 
described before the evaluation and comparison of the failure probabilities of the two design options in question. 
4.2. Probability distribution of fire severity 
As described earlier in Eq. (6), fire severity S is a linear function of fire load density. For a given compartment, all other 
factors in Eq. (6) are constants. The relationship between fire severity and fire load density can then be simply expressed as 
  = fs aq                                                                        (19)  
where a is a constant for a given design. The fire load density qf is not a controllable parameter in the deterministic sense. It 
is a random variable. For the building class of commercial premises it has been found by Zalok et al. [20] to obey a 
lognormal distribution with a mean fq  of 747 MJ/m
2 and a standard deviation d of 833 MJ/m2. Therefore, s also follows a 
lognormal distribution: 
21 ln
21( )
2
μ
σ
σ π
−⎛ ⎞− ⎜ ⎟⎝ ⎠=
s
g s e
s
                                                         (20)  
The mean μ and the standard deviation σ of lns can be evaluated from the mean fq  and the standard deviation d of qf [21, 
22]. A detailed evaluation of the constant a is given in [21]. The means of the fire severity and their lognormal means and 
standard deviations for the no-sprinkler (or sprinkler failure) and the sprinkler operational scenarios are listed in Table 1. 
The corresponding distributions are plotted in Fig. 4. 
Table 1. Summary of fire severity probability density distribution parameters 
Scenarios Designation s  (min) μS σS 
Code-Compliant Design gC(s) 62.24 3.5427 1.0847 
Sprinkler in Operation gAO(s) 37.97 3.0485 1.0847 
 
The subscript S in the above Table 1 denotes fire severity.  
 
Fig. 4. Probability density distributions of fire severities for non-sprinklered, sprinkler operational and sprinkler of imperfect reliability scenarios. 
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The overall probability density distribution for fire severity in the retrofitted commercial portion of the building is 
obtained from Eq. (18). For the current study, the sprinkler reliability was assumed to be a constant with the value of 0.9. 
This value is relatively conservative as compared with the range of sprinkler reliability (88.1% to 98.1%) reported by 
Bukowski et al. [23] and Hall [24]. The result ant probability density distribution is included in Fig. 4. 
4.3. Probability distribution of fire resistance level 
The likely form of the governing probability distribution for positive random variables, such as strength and fire 
resistance, is lognormal. However, if the standard deviation value is much smaller than the mean, the distribution can be 
approximated by a normal distribution. Platt [25] found that the coefficient of variation for fire resistance level, α was 
between 0.05 and 0.12. In this case study, α was assumed to be 0.1. Therefore, probability density distribution function of 
the fire resistance level R is approximated as a normal distribution in this study. The mean of the normal distribution is the 
notational fire resistance level as prescribed in the building code. Table 2 provides the summary of the values of the means 
and standard deviations of the fire resistance levels in the case study. The subscript R in Table 2 denotes fire resistance level. 
Table 2. Summary of fire resistance level probability distribution parameters 
Scenarios Designation μR (min) αR σR (min) 
Code-Complaint Design fC(r) 180 0.1 18 
Alternative Solution fA(r) 120 0.1 12 
Table 3.  Summary of failure probability calculations 
Design solution Pf 
C 0.0655 
A 0.0629 
 
Fig. 5. Probability density distribution functions of fire severities and fire resistance levels. 
4.4. Results and discussion 
To determine whether the alternative solution is acceptable, both the failure probabilities of the code compliant design 
and the alternative solution are evaluated using Eq. (3). The results are compared in Table 3. It is seen that Eq. (10) is 
satisfied and, therefore, the alternative solution is deemed acceptable. In other words, the alternative solution, i.e., existing 
fire resistance level of 120 min supplemented by sprinkler installation, can be considered equivalent to the code-compliant 
design, i.e., fire resistance level of 180 minutes as per the DTS provisions, since the probability of failure in case of fire for 
the former does not exceed that of the latter. Fig. 5 illustrates the probability density distribution functions of fire severities 
and fire resistance levels for code-compliant design and the alternative solution. The reduction in the notional fire resistance 
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level is indicated by ΔμR. Since both fire severity and fire resistance level are expressed in terms of time, symbol t is used in 
Fig. 5 for simplicity. 
Table 4. Summary of the limiting acceptable fire resistance level by different methods 
Evaluation Method Limiting acceptable FRL 
(min) 
Reduction from DTS 
provision (min) 
Reduction percentage 
(%) 
Fire Engineering Design Guide 90 90 50 
Eurocode 1 110 70 39 
Current method 118 62 33 
 
5. Conclusions 
Probabilistic risk assessment method is perhaps the most appropriate verification method to support the development of 
the risk-informed performance-based building regulations. The theoretical foundation of a probabilistic approach to the 
design and evaluation of structure fire resistance level in conjunction with the installation of sprinkler systems has been 
explained in this paper. The application of the theory is demonstrated in a case study where the deemed-to-satisfy provision 
is used as the reference design and the associated failure probability is set as a benchmark for the analysis of equivalence to 
the alternative solution. It has been revealed that on the ground of failure probability, the alternative solution of reduced fire 
resistance level with sprinkler is acceptable.  
The probabilistic approach is also compared with two empirical approaches in the literature. It was found that 
probabilistic approach yielded the most conservative result. 
The failure probability (or the reliability) of the alternative solution depends on the failure probability (or reliability) of 
the sprinkler system. The latter itself may be a random variable. The sensitivity of the proposed FRL in the alternative 
solution to the reliability of the sprinkler system needs to be investigated in future studies.  
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